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ON THE EXISTENCE OF CARTER SUBGROUPS
E.P.Vdovin1
In the paper we obtain the existence criterion of a Carter subgroup in a finite group in terms of its
normal series. An example showing that the criterion cannot be reformulated in terms of composition
factors is given.
1 Introduction
Recall that a nilpotent self-normalizing subgroup of a group G is called a Carter subgroup. The
classical result by Carter [1] states that every finite solvable group contains Carter subgroups
and all of them are conjugate. A finite group G is said to satisfy condition (C) if, for every its
nonabelian composition factor S and for every its nilpotent subgroup N , Carter subgroups (if
exist) of 〈AutN (S), S〉 are conjugate (the definition of AutN(S) is given below). In the recent
paper [3, Theorem 10.1] it is proven that in every almost simple group with known simple socle
Carter subgroups are conjugate. Thus, modulo the classification of finite simple groups, in every
finite group Carter subgroups are conjugate. In the paper by a finite group we almost mean a
finite group satisfying (C), thus the results of the paper does not depend on the classification of
finite simple groups. There exist finite groups without Carter subgroups, the minimal example
is Alt5. In the paper we give a criterion of existence of Carter subgroups in terms of normal
series.
If G is a group, A,B,H are subgroups of G and B is normal in A (B✂A), then NH(A/B) =
NH(A) ∩ NH(B). If x ∈ NH(A/B), then x induces an automorphism Ba 7→ Bx
−1ax of A/B.
Thus, there is a homomorphism of NH(A/B) into Aut(A/B). The image of this homomorphism
is denoted by AutH(A/B) while its kernel is denoted by CH(A/B). In particular, if S is a
composition factor of G, then for any H ≤ G the group AutH(S) is defined.
Let G = G0 ≥ G1 ≥ . . . ≥ Gn = {e} be a chief series of G (recall that G is assumed
to satisfy (C)). Then Gi/Gi+1 = Ti,1 × . . . × Ti,ki, where Ti,1 ≃ . . . ≃ Ti,ki ≃ Ti and Ti is a
simple group. If i > 1, then denote by Ki a Carter subgroup of G/Gi (if it exists) and by Ki
its complete preimage in G/Gi+1. If i = 0, then K0 = {e} and K0 = G/G1. We say that a
finite group G satisfies condition (E), if, for every i, j, either Ki does not exist, or AutKi(Ti,j)
contains a Carter subgroup.
The following lemma shows that the homomorphic image of a Carter subgroup is a Carter
subgroup. We shall use this fact substantially.
Lemma 1. [2, Lemma 4] Let G be a finite group, H be a normal subgroup of G satisfying (C),
and K be a Carter subgroup of G. Then KH/H is a Carter subgroup of G/H.
Proof. By [2], Carter subgroups of KH are conjugate. Assume that there exists x ∈ NG(KH).
Then Kx is a Carter subgroup of KH . Since Carter subgroups of KH are conjugate, there
exists y ∈ KH such that Kx = Ky
−1
, so xy ∈ NG(K). Since K is a Carter subgroup of G, we
obtain that xy ∈ K and x ∈ K ≤ KH , a contradiction.
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2 Criterion
Lemma 2. Let G be a finite group, H be a normal subgroup of G and S be a composition factor
of G/H (hence of G as well).
Then AutG(S) = AutG/H(S).
Proof. Note that there exists a surjective homomorphism ϕ : AutG(S)→ AutG(S), defined by
AutG(S) = (NG(A) ∩NG(B)) /CG(A/B)→ (NG(A) ∩NG(B)) / (HCG(A/B)) = AutG(S).
Since F ∗(AutG(S)) = S ∩Ker(ϕ) = {e} it folows that Ker(ϕ) = {e}.
Below we shall need to know some additional information about the structure of Carter
subgroups in groups of special type. Let A′ be a group with a normal subgroup T ′. Consider
the direct product A1× . . .×Ak, where A1 ≃ . . . ≃ Ak ≃ A
′ and its normal subgroup T = T1×
. . .×Tk, where T1 ≃ . . . ≃ Tk ≃ T
′. Consider the symmetric group Symk, acting on A1×. . .×Ak
by Asi = Ais for all s ∈ S and define X to be a semidirect product (A1 × . . .× Ak) ⋋ Symk
(permutation wreath product of A′ and Symk). Denote by A the direct product A1 × . . .×Ak
and by pii the projection pii : A→ Ai. In the introduced notations the following lemma holds.
Lemma 3. Let G be a subgroup of X such that T ≤ G, G/(G∩T ) is nilpotent and (G∩A)pii =
Ai. Assume also that A is solvable. Let K be a Carter subgroup of G.
Then (K ∩A)pii is a Carter subgroup of Ai.
Proof. Assume that the statement is not true and let G be a counterexample of minimal order
with minimal k. Then S = G/(G∩A) is transitive and primitive. Indeed, if S is not transitive,
then S ≤ Symk1 × Symk−k1, hence G ≤ G1 × G2. If we denote by ψi : G → Gi the natural
homomorphism, then Gψi = Gi satisfies conditions of the lemma and K
ψi = Ki is a Carter
subgroup of Gi. Clearly (G ∩ A)
pij = (Gi ∩ A
ψi)pij , where i = 1 if j ∈ {1, . . . , k1} and i = 2
if j ∈ {k1 + 1, . . . , k}, thus we obtain the statement by induction. If S is transitive, but is
not primitive, let Ω1 = {T1, . . . , Tm},Ω2 = {Tm+1, . . . , T2m}, . . . ,Ωl = {T(l−1)m+1, . . . , Tlm} be a
system of imprimitivity. Then it contains a nontrivial intransitive normal subgroup
F ′ ≤ Symm × . . .× Symm︸ ︷︷ ︸
l times
,
where k = m · l. Consider the complete preimage F of F ′ in X . Then G ∩ F ≤ F1 × . . .× Fl.
Denote by ψi : F → Fi the natural projection, then (G ∩ F )
ψi = Fi. Note that all of Fi satisfy
conditions of the lemma and, if we define T ′i = T(i−1)m+1× . . .×Tim, then G satisfies conditions
of the lemma with T ′ = T ′1 × . . . × T
′
l and A
′ = F . By induction we have that (K ∩ F )ψi is
a Carter subgroup of Fi and, if j ∈ {m · (i − 1) + 1, . . .m · i}, then
(
(K ∩ F )ψi ∩ Aψi
)pij is a
Carter subgroup of Aj . Since (G ∩ A)
pij =
(
(K ∩ F )ψi ∩ Aψi
)pij (for suitable i), we obtain the
statement by induction.
Let Y ′ be a minimal normal subgroup of G contained in T (if Y ′ is trivial, then T is trivial
and we have nothing to prove, since G is nilpotent in this case). Thus Y ′ is a normal elementary
Abelian p-group. Let Yi = (Y
′)pii, then Y = Y1 × . . . × Yk is a nontrivial normal subgroup of
G (Y is a subgroup of G since T ≤ G). Let p¯ii : (G ∩ A) → Ai/Yi = Ai be the projection
corresponding to pii. Denote by K = KY/Y the corresponding Carter subgroup of G = G/Y .
Then G satisfies conditions of the lemma. By induction, (K ∩ A)p¯ii is a Carter subgroup of
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Ai. Let K1 be a complete preimage of K in G and let Q be a Hall p
′-subgroup of K1. Then
(Q ∩ A)pii is a Hall p′-subgroup of (K1 ∩ A)
pii . In view of the proof of [4, Theorem 20.1.4], we
obtain that K = NK1(Q) is a Carter subgroup of G and (NK1∩A(Q∩A))
pii is a Carter subgroup
of Ai. Thus we need to show that (NK1∩A(Q∩A))
pii = (NK1∩S(Q))
pii . By induction, the equality
(NK∩A(A∩Q))
p¯ii = (NK∩G(Q))
p¯ii holds. Thus we need to prove that (NY (Q∩A))
pii = (NY (Q))
pii.
Note also that (NY (Q ∩A))
pii ≤ NYi((Q ∩ A)
pii).
Since S is a transitive and primitive nilpotent subgroup of Symk, then k = r is prime and
S = 〈s〉 is cyclic. If r = p, then Q ∩ A = Q and we have nothing to prove. Otherwise let h
be an r-element of K, generating S modulo K ∩ A. Clearly Q = (Q ∩ A)〈h〉. Let t ∈ Yi be
an element of NYi((Q ∩ A)
pii). Then (t · th · . . . · th
r−1
) ∈ NY (Q) and t
pii = (t · th · . . . · th
r−1
)pii,
hence (NY (Q ∩ A))
pii ≤ NYi((Q ∩ A)
pii) ≤ (NY (Q))
pii ≤ (NY (Q ∩A))
pii.
Theorem. Let G be a finite group. Then G contains a Carter subgroup if and only if G
satisfies (E).
Proof. We prove first the part “only if”. Let H be a minimal normal subgroup of G. Then
H = T1 × . . .× Tk, where T1 ≃ . . . ≃ Tk ≃ T are simple groups.
If H is elementary Abelian (i. e., T is cyclic of prime order), then Aut(T ) is solvable and
contains a Carter subgroup. Assume that T is a nonabelian simple group. Clearly K is a Carter
subgroup of KH . By [2, Lemma 3] we obtain that AutKH(Ti) contains a Carter subgroup for
all i.
Now we prove the part “if”. Again assume by contradiction that G is a counterexample of
minimal order, i. e., that G does not contain a Carter subgroup, but, G satisfies (E). Let H be
a minimal normal subgroup of G. Then H = T1 × . . .× Tk, where T1 ≃ . . . ≃ Tk ≃ T , and T is
a finite simple group.
By definition G/H satisfies (E), thus, by induction, there exists a Carter subgroup K of
G = G/H . Let K be a complete preimage of K, then K satisfies (E). If K 6= G, then, by
induction K contains a Carter subgroup K ′. Note that K ′ is a Carter subgroup of G. Indeed,
assume that x ∈ NG(K
′) \ K ′. Since K ′H/H = K is a Carter subgroup of G, we have that
x ∈ K. But K ′ is a Carter subgroup of K, thus x ∈ K ′. Hence G = K, i. e. G/H is nilpotent.
If H is Abelian, then G is solvable, therefore G contains a Carter subgroup. So assume
that T is a nonabelian finite simple group. We first show that CG(H) is trivial. Assume that
CG(H) =M is nontrivial. Since T is a nonabelian simple group, it follows that M ∩H = {e},
so M is nilpotent. By Lemma 2 we have that G/M satisfy (E). By induction we obtain that
G/M contains a Carter subgroup K. Let K ′ be a complete preimage of K in G. Then K ′
is solvable, hence contains a Carter subgroup K. Like above we obtain that K is a Carter
subgroup of G, a contradiction. Hence CG(H) = {e}.
Since H is a minimal normal subgroup of G, we obtain that AutG(T1) ≃ AutG(T2) ≃ . . . ≃
AutG(Tk). Thus there exists a monomorphism
ϕ : G→ (AutG(T1)× . . .× AutG(Tk))⋋ Symk = G1
and we identify G with Gϕ. Denote by Ki a Carter subgroup of AutG(Ti) and by A the
subgroup AutG(T1) × . . . × AutG(Tk). Since G/H is nilpotent, then KiTi = AutG(Ti) and
G1 = (K1T1 × . . .×KkTk) ⋋ Symk. Let pii : G ∩ A → (G ∩ A)/C(G∩A)(Ti) be the canonical
projections. Since G/(G ∩ A) is transitive, we obtain that (G ∩ A)pii = KiTi.
Since AutG∩A(Ti) = KiTi, hence G ∩ A satisfies (E). By induction it contains a Carter
subgroup M . By [2, Lemma 3] we obtain that Mpii is a Carter subgroup of KiTi, therefore we
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may assume Mpii = Ki. In particular, if R = (K1 ∩ T1)× . . .× (Kk ∩ Tk), then M ≤ NG(R). In
view of [3], Carter subgroups in every finite group are conjugate. Since (G∩A)/H is nilpotent
we obtain that G ∩ A = MH , hence G = NG(M)H . Moreover NG(M) ∩ A = M , so NG(M)
is solvable. Since M normalizes R, Mpii = Ki, we obtain that NG(M) normalizes R, hence
NG(M)R is solvable. Therefore it contains a Carter subgroup K. By Lemma 3, (K ∩ A)
pii is
a Carter subgroup of (NG(M)R ∩ A)
pii (R plays the role of T from Lemma 3 in this case), so
(K ∩A)pii = Ki. Assume that x ∈ NG(K) \K. Since G/H = NG(M)H/H = KH/H it follows
that x ∈ H . Therefore xpii ∈ (NG(K)∩A)
pii ≤ NTi((K ∩A)
pii) = Ki. Since
⋂
iKer(pii) = {e}, it
follows that x ∈ R ≤ NG(M)R. But K is a Carter subgroup of NG(M)R, hence x ∈ K. This
contradiction completes the proof.
3 Example
In this section we construct an example showing, that we can not substitute condition (E) by
a weaker condition: for every composition factor S of G, AutG(S) contains a Carter subgroup.
This example also shows that an extension of a group containing a Carter subgroup by a group
containing a Carter subgroup may fail to contain a Carter subgroup.
Consider L = ΓSL2(3
3) = PSL2(3
3)⋋ 〈ϕ〉, where ϕ is a field automorphism of PSL2(3
3).
Let X = (L1 × L2) ⋋ Sym2, where L1 ≃ L2 ≃ L and if σ = (1, 2) ∈ Sym2 \ {e}, (x, y) ∈
L1 × L2, then σ(x, y)σ = (y, x) (permutation wreath product of L and Sym2). Denote by
H = PSL2(3
3) × PSL2(3
3) the minimal normal subgroup of X and by M = L1 × L2. Let
G = (H ⋋ 〈(ϕ, ϕ−1)〉)⋋ Sym2 be a subgroup of X . Then the following statements hold:
1. For every composition factor S of G, AutG(S) contains a Carter subgroup.
2. G ∩M ✂G contains a Carter subgroup.
3. G/(G ∩M) is nilpotent.
4. G does not contain a Carter subgroup.
1. Clearly we need to verify the statement for nonabelian composition factors only. Every
nonabelian composition factor S of G is isomorphic to PSL2(3
3) and AutG(S) = L. In view
of [3, Theorem 7.1] we obtain that L contains a Carter subgroup (coinciding with a Sylow
3-subgroup).
2. Since (G ∩M)/H is nilpotent and from the previous statement we obtain that G ∩M
satisfies (E), hence contains a Carter subgroup (it is easy to see that a Sylow 3-subgroup of
G ∩M is a Carter subgroup of G ∩M).
3. Evident.
4. Assume that K is a Carter subgroup of G. Then KH/H is a Carter subgroup of
G/H . But G/H is a nonabelian group of order 6, hence G/H ≃ Sym3 and KH/H is a Sylow
2-subgroup of G/H . In view of [2, Lemma 3] it follows that AutK(PSL2(3
3)) is a Carter
subgroup of AutKH(PSL2(3
3)) = PSL2(3
3). But PSL2(3
3) does not contain Carter subgroups
in view of [3, Theorem 7.1].
The author thanks Mazurov Vicktor Danilovoch for discussings on this paper, that allow to
improve the paper.
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